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SPECTRA OF LENS SPACES FROM 1-NORM SPECTRA OF
CONGRUENCE LATTICES
E. A. LAURET, R. J. MIATELLO AND J. P. ROSSETTI
Abstract. To every n-dimensional lens space L, we associate a congruence
lattice L in Zm, with n = 2m−1 and we prove a formula relating the multiplic-
ities of Hodge-Laplace eigenvalues on L with the number of lattice elements of
a given ‖·‖1-length in L. As a consequence, we show that two lens spaces are
isospectral on functions (resp. isospectral on p-forms for every p) if and only
if the associated congruence lattices are ‖·‖1-isospectral (resp. ‖·‖1-isospectral
plus a geometric condition). Using this fact, we give, for every dimension
n ≥ 5, infinitely many examples of Riemannian manifolds that are isospectral
on every level p and are not strongly isospectral.
1. Introduction
Two compact Riemannian manifoldsM andM ′ are said to be p-isospectral if the
spectra of their Hodge-Laplace operator ∆p, acting on p-forms, are the same. Many
examples of non-isometric isospectral manifolds have been constructed showing
connections between the spectra and the geometry of a Riemannian manifold (e.g.
[Mi1], [Vi], [Ik1], [Go2], [Sch]). In [Su] Sunada gave a general method that allowed
constructing many examples; however, the resulting manifolds are always strongly
isospectral, that is, they are isospectral for every natural, strongly elliptic operator
acting on sections of a natural vector bundle over M ; in particular, they are p-
isospectral for all p (see [Ik2], [Gi], [Wo2] for applications in the case of spherical
space forms). The converse question is a problem that has been present for some
time, i.e. whether p-isospectrality for all p implies strong isospectrality (see for
instance J. A. Wolf [Wo2, p. 323]). Manifolds that are p-isospectral for some values
of p only have been investigated by several authors. C. Gordon [Go1] gave the
first example of this type in the context of nilmanifolds and A. Ikeda [Ik3] showed,
for each p0 > 0, lens spaces that are p-isospectral for all p < p0 and are not
p0-isospectral. For more examples see [Gt], [MR1], [MR2], [GM].
In this paper, we will show a connection between the spectra of lens spaces and
the one-norm spectra of their associated congruence lattices, and, as a consequence,
we will give many pairs of p-isospectral lens spaces for every p that are far form
being strongly isospectral. These examples are the first of this kind to our best
knowledge.
The main approach is as follows. To each 2m − 1-dimensional lens space L =
L(q; s1, . . . , sm), we associate the congruence lattice in Z
m defined by
L = L(q; s1, . . . , sm) = {(a1, . . . , am) ∈ Z
m : a1s1 + · · ·+ amsm ≡ 0 (mod q)}.
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In the first main result, Theorem 3.8, we give a formula for the multiplicity of
each eigenvalue of ∆p on a lens space, in terms of the multiplicities of the weights
of certain representations of SO(2m) and the number of elements with a given
‖·‖1-length in the associated congruence lattice (see (3.13)). In particular, the
multiplicity of the eigenvalue k(k + n − 1) of the Laplace-Beltrami operator ∆0
simplifies to (3.14)
⌊k/2⌋∑
r=0
(
r +m− 2
m− 2
)
NL(k − 2r),
where NL(h) denotes the number of elements in L with ‖·‖1-length h.
As a consequence, we prove that two lens spaces L and L′ are 0-isospectral if
and only if the associated lattices L and L′ are isospectral with respect to ‖·‖1
(Theorem 3.9). Remarkably, it turns out that two lens spaces are p-isospectral for
every p, if and only if the corresponding lattices are ‖·‖1-isospectral and satisfy an
additional geometric condition: for each k ∈ N and 0 ≤ ℓ ≤ m there are the same
number of elements µ in each lattice having ‖µ‖1 = k and exactly ℓ coordinates
equal to zero. We call such lattices ‖·‖∗1-isospectral.
In Section 4 we define, for any congruence lattice L, a finite set of numbers
N redL (k, ℓ) that count the number of lattice points of a fixed norm k in a small
cube, having exactly ℓ zero coordinates. We show that these numbers determine
the p-spectrum of the associated lens space. In particular, one can decide with
finitely many computations, whether two lens spaces are p-isospectral for all p. We
implemented an algorithm in Sage [Sa] obtaining all examples in dimensions n = 5
and 7 for values of q up to 300 and 150 respectively (see Tables 1 and 2 in Section 5).
We also include some open questions on the nature of the existing examples. We
point out that in [DD] the authors make a nice improvement, answering one of our
questions.
As a next step we exhibit many pairs of ‖·‖∗1-isospectral congruence lattices. We
do this in Section 6 proving that, for any r ≥ 7 and t positive integers such that r
is coprime to 3, the congruence lattices
L(r2t; 1, 1 + rt, 1 + 3rt) and L(r2t; 1, 1− rt, 1− 3rt)
are ‖·‖∗1-isospectral. In order to prove the equality of NL(k, ℓ) and NL′(k, ℓ) for
every k and ℓ we develop a procedure to compute these numbers.
By using the results in the previous sections, we obtain the corresponding results
for lens spaces in Section 7. The pairs of ‖·‖∗1-isospectral congruence lattices from
Section 6 produce an infinite family of pairs of 5-dimensional lens spaces that are
p-isospectral for all p. This allows to obtain lens spaces that are p-isospectral for
all p in arbitrarily high dimensions by using a result of Ikeda (Theorem 7.3). We
point out that the resulting lens spaces are homotopically equivalent but cannot be
homeomorphic to each other (see Lemma 7.6).
It is well known that two non-isometric lens spaces cannot be strongly isospectral
(see Proposition 7.2). In particular, isospectral non-isometric lens spaces cannot be
constructed by the Sunada method. In the case of the simplest pair of 5-dimensional
lens spaces L = L(49; 1, 6, 15) and L′ = L(49; 1, 6, 20) that are p-isospectral for all
p, we give many representations τ of K = SO(5) for which the associated natural
strongly elliptic operators do not have the same spectrum (Section 8). Actually,
these lens spaces are very far from being strongly isospectral.
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The method based on representation theory to characterize 0-spectrum for a
lens space could also be applied to many other spaces, for example, orbifold lens
spaces (see Remark 7.5), arbitrary spherical space forms and more general locally
symmetric spaces of compact type.
2. Preliminaries
Let G be a compact Lie group and let K be a compact subgroup, and let X =
G/K endowed with a G-invariant Riemannian metric induced by a G-biinvariant
metric on G. We shall assume that G is semisimple. Let Γ be a discrete subgroup
of G that acts freely on X , thus the manifold Γ\X inherits a locally G-invariant
Riemannian structure.
2.1. Homogeneous vector bundles. For each finite dimensional unitary repre-
sentation (τ,Wτ ) of K, we consider the homogeneous vector bundle
Eτ = G×τ Wτ −→ X = G/K
(see for instance [LMR1, §2.1]). We recall that the space Γ∞(Eτ ) of smooth sections
of Eτ is isomorphic to the space C
∞(G/K; τ) of smooth functions C∞(G/K; τ) :=
{f : G→Wτ such that f(xk) = τ(k
−1)f(x)}.
We form the vector bundle Γ\Eτ over the manifold Γ\G/K and denote it by
L2(Γ\Eτ ) the closure of C
∞(Γ\G/K; τ) with respect to the inner product (f1, f2) =∫
Γ\X
〈f1(x), f2(x)〉 dx, where 〈 〉 is a τ -invariant inner product on Wτ .
The complexification g of the Lie algebra g0 of G and the universal enveloping
algebra U(g) act on C∞(G/K; τ) by left invariant differential operators in the usual
way. We shall denote by C =
∑
X2i the Casimir element of g, where X1, . . . , Xn
is any orthonormal basis of g; C lies in the center of U(g) and defines second order
elliptic differential operators ∆τ on C
∞(G/K; τ) and ∆τ,Γ on Γ\Eτ . The Casimir
element C acts on an irreducible representation Vπ of G by a scalar λ(C, π).
Consider the left regular representation of G on L2(Eτ ) ≃ L
2(G/K; τ). By
Frobenius reciprocity, the multiplicity of an irreducible representation π of G equals
[τ : π|K ] := dimHomK(Vτ , Vπ). We thus have
(2.1) L2(G/K; τ) =
∑
π∈Ĝ
[τ : π|K ]Vπ.
Thus, by taking Γ-invariants,
(2.2) L2(Γ\G/K; τ) =
∑
π∈Ĝ
[τ : π|K ]V
Γ
π ,
where V Γπ is the space of Γ-invariant vectors in Vπ . We set d
Γ
π = dim V
Γ
π .
Similarly we may consider the right regular representation of G on
L2(Γ\G) =
∑
π∈Ĝ
nπ(Γ)π .
By Frobenius reciprocity, we get in this case that nπ(Γ) = d
Γ
π = dimV
Γ
π . Hence we
have the decomposition
(2.3) L2(Γ\G) =
∑
π∈Ĝ
dΓπ Vπ .
Hence, taking into account (2.2) and (2.3) we obtain:
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Proposition 2.1. Let (G,K) be a symmetric pair of compact type and let Γ be a
discrete cocompact subgroup of G that acts freely on X = G/K. Let ∆τ,Γ be the
Laplace operator acting on the sections of the homogeneous vector bundle Γ\Eτ of
the manifold Γ\X. If λ ∈ R, the multiplicity dλ(τ,Γ) of the eigenvalue λ of ∆τ,Γ
is given by
(2.4) dλ(τ,Γ) =
∑
π∈Ĝ:λ(C,π)=λ
dΓπ [τ : π|K ].
In the case when Γ is a finite abelian group inside a maximal torus T of G one
can further write the dimension dΓπ of the space of Γ-invariants in Vπ in a simple
way in terms of weight multiplicities (see Lemma 3.4).
2.2. Spherical space forms. In this subsection we will recall the description of
the p-spectrum of the Hodge-Laplace operator on spherical space forms. We will
restrict our attention to odd dimensions, namely, spaces Γ\S2m−1 where Γ is a
finite subgroup of SO(2m) that acts freely on S2m−1. We first recall some general
facts on the representation theory of compact Lie groups.
We note that if a discrete (finite) subgroup Γ ⊂ O(n+1) acts freely on Sn, then
it must necessarily be included in SO(n+ 1), thus Γ\Sn is an orientable manifold.
We set G = SO(2m). We fix the standard maximal torus in G,
T =
{
t = diag
([
cos(2πθ1) − sin(2πθ1)
sin(2πθ1) cos(2πθ1)
]
, . . . ,
[
cos(2πθm) − sin(2πθm)
sin(2πθm) cos(2πθm)
])
: θ ∈ Rm
}
.
The Lie algebra of T is given by
(2.5) h0 =
{
H = diag
([
0 −2πθ1
2πθ1 0
]
, . . . ,
[
0 −2πθm
2πθm 0
])
: θ ∈ Rm
}
.
Note that t = exp(H) if t ∈ T and H ∈ h0 as above. The Cartan subalgebra
h := h0⊗RC is given as in (2.5) with θ1, . . . , θm ∈ C, and in this case we let εj ∈ h
∗
be given by εj(H) = 2πiθj for any 1 ≤ j ≤ m. The weight lattice for G = SO(2m)
is P (G) =
⊕m
j=1 Zεj .
We fix the standard system of positive roots ∆+(g, h) = {εi±εj : 1 ≤ i < j ≤ m},
with system of simple roots {εj−εj+1 : 1 ≤ j ≤ m−1}∪{εm−1+εm} and dominant
weights of the form
∑m
j=1 ajεj ∈ P (G) such that a1 ≥ · · · ≥ am−1 ≥ |am|.
We denote by {e1, . . . , e2m} the standard basis of R
2m. If K = {k ∈ SO(2m) :
ke2m = e2m} ≃ SO(2m−1), then we take the maximal torus T∩K, thus the Cartan
subalgebra associated hK can be seen as included in h. Under this convention, the
positive roots are {εi ± εj : 1 ≤ i < j ≤ m − 1} ∪ {εi : 1 ≤ i ≤ m − 1}, the
simple roots are {εj − εj+1 : 1 ≤ j ≤ m − 2} ∪ {εm−1}, the weight lattice of K
is P (K) =
⊕m−1
j=1 Zεj and µ =
∑m−1
j=1 ajεj ∈ P (K) is dominant if and only if
a1 ≥ · · · ≥ am ≥ 0.
We consider on g = so(2m,C) the inner product given by 〈X,Y 〉 = −(2n −
2)−1B(X, θY ), where B is the Killing form and θ is the Cartan involution. One
can check that 〈X,Y 〉 = Trace(XY ) for X,Y ∈ g, and this inner product induces
on G/K = S2m−1 the Riemannian metric of constant sectional curvature 1. Fur-
thermore, {ε1, . . . , εm} is an orthonormal basis of h
∗.
If Γ is a finite subgroup of G acting freely on S2m−1, denote by ∆p,Γ the Hodge-
Laplace operator on p-forms on the spherical space form Γ\S2m−1. That is, ∆p,Γ =
dd∗ + d∗d :
∧p
T ∗M →
∧p
T ∗M , where d is the differential, d∗ the codifferential
and
∧p
T ∗M is the p-exterior cotangent bundle of M . As usual, the p-spectrum
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of Γ\S2m−1 stands for the spectrum of ∆p,Γ and we say that two manifolds are p-
isospectral if their p-spectra coincide. Spherical space forms are always orientable,
thus their p-spectra coincide with the (2m− 1− p)-spectra for all 0 ≤ p ≤ 2m− 1.
We next describe the p-spectrum of any odd-dimensional spherical space form
Γ\S2m−1 in terms of Γ-invariants. We first introduce some more notation. Let
E0 = {0} and
Ep = {λk,p := k
2 + k(2m− 2) + (p− 1)(2m− 1− p) : k ∈ N}
for 1 ≤ p ≤ m. A known and useful fact is that Ep and Ep+1 are disjoint for every
0 ≤ p ≤ m − 1 (see for instance [IT, Rmk. after Thm. 4.2] [Ik3, Rmk. 1.14] and
[LMR1, Thm. 1.1]). Let
(2.6) Λp =
{
0 if p = 0,
ε1 + ε2 + · · ·+ εp if 1 ≤ p ≤ m.
Let πk,p denote the irreducible representation of SO(2m) with highest weight kε1+
Λp for 0 ≤ p < m, and let πk,m denote the sum of the irreducible representations
with highest weights kε1 + Λm and kε1 + Λm, where Λm = ε1 + · · · + εm−1 − εm.
We will usually write πkε1 and πΛp in place of πk,0 and π0,p respectively.
Proposition 2.2. Let Γ\S2m−1 be a spherical space form and let p be such that
0 ≤ p ≤ m− 1. If λ is an eigenvalue of ∆p,Γ then λ ∈ Ep ∪ Ep+1. Its multiplicity is
given by
dλ(0,Γ) = dimV
Γ
πkε1
= nΓ(πkε1 ) if λ = k
2 + k(2m− 2) ∈ E0 ∪ E1, for p = 0,
dλ(p,Γ) =
{
dimV Γπk,p = nΓ(πk,p) if λ = λk,p ∈ Ep,
dimV Γπk,p+1 = nΓ(πk,p+1) if λ = λk,p+1 ∈ Ep+1,
for 1 ≤ p ≤ m− 1.
When Γ = 1 this description appears in [IT], the case for general Γ involves only
minor modifications (see [LMR1, Thm. 1.1]).
The following proposition follows from [IT, Thm. 4.2] (see also [Ik3, Prop. 2.1]).
It will be a useful tool to prove one of the main results in the next section. We
include a proof for completeness.
Proposition 2.3. Let Γ\S2m−1 and Γ′\S2m−1 be spherical space forms. Then
(i) Γ\S2m−1 and Γ′\S2m−1 are 0-isospectral if and only if, for every k ∈ N,
dimV Γπkε1
= dimV Γ
′
πkε1
.
Generally, for any 0 ≤ p ≤ m−1, Γ\S2m−1 and Γ′\S2m−1 are p-isospectral
if and only if, for every k ∈ N,
dimV Γπk,p = dim V
Γ′
πk,p
and dimV Γπk,p+1 = dim V
Γ′
πk,p+1
.
(ii) Γ\S2m−1 and Γ′\S2m−1 are p-isospectral for every p, if and only if
dimV Γπk,p = dim V
Γ′
πk,p
for every 1 ≤ p ≤ m and every k ∈ N.
Proof. By Proposition 2.2, if λ ∈ R is an eigenvalue of ∆p,Γ then λ ∈ Ep ∪ Ep+1 for
some k ∈ N and its multiplicity is dim V Γπk,p or dimV
Γ
πk,p+1 depending on whether
λ is in Ep or in Ep+1. Since Ep ∩ Ep+1 is empty, then (i) follows. Note that πk,0
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and πk,1 are the irreducible representations of SO(2m) with highest weight kε1 and
(k + 1)ε1 respectively.
Item (ii) follows from (i) since p-isospectrality for 0 ≤ p ≤ m − 1 implies p-
isospectrality for every p. 
3. Isospectrality conditions for lens spaces
This section contains the first main result in this paper that gives a characteri-
zation of pairs of lens spaces that are either 0-isospectral or p-isospectral for every
p (see Theorem 3.9) in terms of geometric properties of their associated lattices.
Odd dimensional lens spaces can be described as follows: for each q ∈ N and
s1, . . . , sm ∈ Z coprime to q, denote
(3.1) L(q; s1, . . . , sm) = 〈γ〉\S
2m−1
where
(3.2) γ = diag
([
cos(2πs1/q) − sin(2πs1/q)
sin(2πs1/q) cos(2πs1/q)
]
, . . . ,
[
cos(2πsm/q) − sin(2πsm/q)
sin(2πsm/q) cos(2πsm/q)
])
The element γ generates a cyclic group of order q in SO(2m) that acts freely on
S2m−1. Sometimes we shall abbreviate L(q; s) in place of L(q; s1, . . . , sm), where s
stands for the vector s = (s1, . . . , sm) ∈ Z
m. The following fact is well known (see
[Co, Ch. V] or [Mi2, §12]).
Proposition 3.1. Let L = L(q; s) and L′ = L(q; s′) be lens spaces. Then the
following assertions are equivalent.
(1) L is isometric to L′.
(2) L is diffeomorphic to L′.
(3) L is homeomorphic to L′.
(4) There exist σ a permutation of {1, . . . ,m}, ǫ1, . . . , ǫm ∈ {±1} and t ∈ Z
coprime to q such that
s′σ(j) ≡ tǫjsj (mod q)
for all 1 ≤ j ≤ m.
The next definition will play a main role in the rest of this paper.
Definition 3.2. Let q ∈ N and s = (s1, . . . , sm) ∈ Z
m such that each entry sj is
coprime to q. We associate to the lens space L(q; s) the congruence lattice
(3.3) L(q; s1, . . . , sm) = {(a1, . . . , am) ∈ Z
m : a1s1 + · · ·+ amsm ≡ 0 (mod q)}.
For µ = (a1, . . . , am) ∈ Z
m, we set ‖µ‖1 =
∑m
j=1 |aj |.
Proposition 3.3. Let L(q; s), L(q; s′) be lens spaces with L(q, s) and L(q, s′) the
associated lattices. Then, L(q; s) and L(q; s′) are isometric if and only if L(q; s)
and L(q; s′) are ‖·‖1-isometric.
Proof. By Proposition 3.1, L and L′ are isometric if and only if there exist t coprime
to q and ϕ, a composition of permutations and changes of signs, such that ϕ(ts) =
ϕ(ts1, . . . , tsm) = (s
′
1, . . . , s
′
m) = s
′. Hence L(q, s′) = L(q, ϕ(s)) = ϕ(L(q, s)) with
ϕ a ‖·‖1-isometry.
In order to prove the converse assertion, we first show that every ‖·‖1-linear
isometry of Rn is a composition of permutations and changes of signs. If T is
a ‖·‖1-linear isometry of R
n, then for each 1 ≤ k ≤ n, T (εk) =
∑n
j=1 ck,jεj with
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|ck,j | = 1. We claim that ck,j 6= 0 for at most one value of j. Otherwise, there are
h, k, ℓ such that ck,ℓch,ℓ 6= 0. Hence |ck,ℓ+δch,ℓ| < |ck,ℓ|+ |ch,ℓ|, for δ = 1 or δ = −1.
Thus, for this choice of δ we have 2 = ‖T (εk) + δT (εh)‖1 =
∑n
j=1 |ck,j + δck,j | <∑n
j=1 |ck,j |+ |ck,j | = 2, a contradiction.
Now, suppose conversely that ϕ is a ‖·‖1-isometry between L(q, s) and L(q, s
′).
The previous paragraph ensures that ϕ is given by
ϕ(a1, . . . , am) = (ǫσ(1)aσ(1), . . . , ǫσ(m)aσ(m))
with σ a permutation of {1, . . . ,m} and ǫj = ±1 for all j, and satisfies L(q; s
′) =
ϕ(L(q; s)), thus L(q; s′) = L(q;ϕ(s)). For each 2 ≤ j ≤ m, the vector
(−s′j, 0, . . . , 0, s
′
1, 0, . . . , 0)
lies in L(q; s′), thus −s′jǫσ(1)sσ(1) + s
′
1ǫσ(j)sσ(j) ≡ 0 (mod q) since it is also in
L(q;ϕ(s)). Then, if t ∈ Z is such that tǫσ(1)sσ(1) ≡ s
′
1 (mod q), one has that
s′j ≡ tǫσ(j)sσ(j) (mod q) for every j. Hence L and L
′ are isometric to each other.
This completes the proof. 
The goal of this section is to write the p-spectrum of a lens space in terms of
the ‖·‖1-length spectrum of the associated congruence lattice. To do this we will
express the numbers dimV Γπk,p in terms of weight multiplicities of representations
of G = SO(2m). We will identify the weight lattice P (G) =
⊕m
j=1 Zεj with Z
m via
the correspondence
∑m
j=1 ajεj 7→ (a1, . . . , am).
Lemma 3.4. Let Γ = 〈γ〉 where γ is as in (3.2). Let L = L(q; s1, . . . , sm) be the
corresponding lens space and let L = L(q; s1, . . . , sm) be the associated lattice. If
(π, Vπ) is a finite dimensional representation of SO(2m), then
(3.4) dimV Γπ =
∑
µ∈L
mπ(µ),
where mπ(µ) denotes the multiplicity of the weight µ in π.
Proof. One has that Vπ = ⊕µ∈P (G)Vπ(µ), where Vπ(µ) is the µ-weight space, i.e. the
space of vectors v such that π(h)v = hµv for every h ∈ T . Here, hµ = eµ(Xh) where
Xh is any element in h0 satisfying exp(Xh) = h. Thus, V
Γ
π = ⊕µ∈P (G)Vπ(µ)
Γ.
Now, v ∈ Vπ(µ), v 6= 0, is Γ-invariant if and only if γ
µ = 1, hence dim V Γπ =∑
µ:γµ=1 dim Vπ(µ) =
∑
µ:γµ=1mπ(µ).
We let
Hγ = diag
((
0 −2πs1/q
2πs1/q 0
)
, . . . ,
(
0 −2πsm/q
2πsm/q 0
))
,
thus exp(Hγ) = γ. If µ =
∑m
j=1 ajεj ∈ P (SO(2m)) then
γµ = eµ(Hγ ) = e−2πi(
a1s1+···+amsm
q ) = 1
if and only if a1s1 + · · ·+ amsm ≡ 0 (mod q), that is, µ ∈ L. 
Let L be an arbitrary sublattice of Zm. For µ ∈ Zm we set Z(µ) = #{j : 1 ≤
j ≤ m, aj = 0}. We denote, for any 0 ≤ ℓ ≤ m and any k ∈ N0 := N ∪ {0},
NL(k) = # {µ ∈ L : ‖µ‖1 = k} ,(3.5)
NL(k, ℓ) = # {µ ∈ L : ‖µ‖1 = k, Z(µ) = ℓ} .(3.6)
Definition 3.5. Let L and L′ be sublattices of Zm.
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(i) L and L′ are said to be ‖·‖1-isospectral if NL(k) = NL′(k) for every k ∈ N.
(ii) L and L′ are said to be ‖·‖∗1-isospectral if NL(k, ℓ) = NL′(k, ℓ) for every
k ∈ N and every 0 ≤ ℓ ≤ m.
We will need two useful lemmas on weight multiplicities. The first one follows
from well known facts, but we could not find it stated in the form below, so we
include a short proof here. Recall that Λp is given by (2.6) and π0,p = πΛp is the
exterior representation of SO(2m) on
∧p
C
2m for 0 ≤ p ≤ m.
Lemma 3.6. Let k ∈ N and 0 ≤ p ≤ m. If µ =
∑m
j=1 ajεm ∈ Z
m we have
mπkε1 (µ) =
{(
r+m−2
m−2
)
if ‖µ‖1 = k − 2r with r ∈ N0,
0 otherwise,
(3.7)
mπΛp (µ) =
{(
m−p+2r
r
)
if ‖µ‖1 = p− 2r with r ∈ N0, and |aj | ≤ 1 ∀ j,
0 otherwise.
(3.8)
Proof. It is well known that the representation πkε1 can be realized in the space
of harmonic homogeneous polynomials Hk of degree k in m variables. Moreover,
Pk ≃ Hk⊕Pk−2 where Pk denotes the space of homogeneous polynomials of degree
k, thus
(3.9) mπkε1 (µ) = mPk(µ) −mPk−2(µ).
In order to find the weights of Pk, we set fj(x) = x2j−1 + ix2j , fj+m = x2j−1 −
ix2j ∈ P1 for each 1 ≤ j ≤ m. It can be easily seen that the polynomials f
l1
1 . . . f
l2m
2m
with
∑2m
j=1 lj = k form a basis of Pk given by weight vectors. Indeed, h ∈ T acts
on f l11 . . . f
l2m
2m by multiplication by h
µ where µ =
∑m
j=1(lj − lj+m)εj . It follows
that µ =
∑m
j=1 ajεj ∈ Z
m is a weight of Pk if and only if there are l1, . . . , l2m ∈ N0
such that aj = lj − lj+m and
∑2m
j=1 lj = k. Furthermore, one checks that the
last condition is equivalent to k − ‖µ‖1 = 2r with r ∈ N0. Hence, mPk(µ) equals
the number of different ways one can write r as an ordered sum of m different
nonnegative integers, which equals
(
r+m−1
m−1
)
. This implies that
mPk(µ) =
{(
r+m−1
m−1
)
if r = 12 (k − ‖µ‖1) ∈ N0,
0 otherwise.
This formula and (3.9) imply (3.7).
We now prove the second assertion. The representation πΛp can be realized as
the complexified p-exterior representation
∧p
(C2m) with the canonical action of
SO(2m). Let {e1, . . . , e2m} denote the canonical basis of C
2m. For 1 ≤ j ≤ m, we
set vj = e2j−1 − ie2j and vj+m = e2j−1 + ie2j. Hence {v1, . . . , v2m} is also a basis
of C2m and
(3.10)
{
vi1 ∧ · · · ∧ vip : 1 ≤ i1 < i2 < · · · < ip ≤ 2m
}
is a basis of
∧p
(C2m). For I = {1 ≤ i1 < i2 < · · · < ip ≤ 2m} we write ωI =
vi1 ∧ · · · ∧ vip .
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One can check that h ∈ T acts on ωI by multiplication by h
µ where µ =∑m
j=1 ajεj is given by
aj =

1 if j ∈ I and j +m /∈ I,
−1 if j /∈ I and j +m ∈ I,
0 if both j, j +m ∈ I, or j, j +m /∈ I.
Thus, an arbitrary element µ =
∑
j ajεj ∈ Z
m is a weight of
∧p
(C2m) if and only
if |aj | ≤ 1 for all j and p− ‖µ‖1 ∈ 2N0.
Let µ =
∑m
j=1 ajεj ∈ Z
m be such that |aj | ≤ 1 for all j and r =
1
2 (p−‖µ‖1) ∈ N0.
Let Iµ = {i : 1 ≤ i ≤ m, ai = 1} ∪ {i : m + 1 ≤ i ≤ 2m, ai−m = −1}. Thus Iµ
has p − 2r elements. It is a simple matter to check that ωI is a weight vector
with weight µ if and only if I has p elements, Iµ ⊂ I and I has the property that
j ∈ I r Iµ ⇐⇒ j + m ∈ I r Iµ for 1 ≤ j ≤ m. One can check that there are(
m−p+2r
r
)
choices for I, hence the claim follows. 
The second lemma is crucial in the proof of Theorem 3.9 (ii). We recall that πk,p
is the irreducible representation of SO(2m) with highest weight kε1 + Λp if p < m
and, when p = m, the sum of the irreducible representations with highest weights
kε1 + Λm and kε1 + Λm.
Lemma 3.7. Let µ, µ′ ∈ P (SO(2m)) ≃ Zm. If ‖µ‖1 = ‖µ
′‖1 and Z(µ) = Z(µ
′)
then mπk,p(µ) = mπk,p(µ
′) for every k ∈ N and every 1 ≤ p ≤ m.
Proof. We say that a finite dimensional representation σ of SO(2m) satisfies con-
dition (⋆) if mσ(µ) = mσ(µ
′) for every µ and µ′ such that ‖µ‖1 = ‖µ
′‖1 and
Z(µ) = Z(µ′). We see, by Lemma 3.6, that πkε1 and πΛp satisfy (⋆) for every k
and p.
Next we show that σ := πkε1 ⊗ πΛp also satisfies (⋆). Let µ =
∑m
i=1 aiεi and
µ′ =
∑m
i=1 a
′
iεi in Z
m be such that ‖µ‖1 = ‖µ
′‖1 and Z(µ) = Z(µ
′). We fix a
bijection ̺ : [1,m]→ [1,m] so that a′i 6= 0 if and only if a̺(i) 6= 0. We have that
(3.11) mσ(µ) =
∑
η∈Zm
mπΛp (η) mπkε1 (µ− η)
and a similar expression for mσ(µ
′) (see for instance [Kn, Ex. V.14]). Both sums
are already over the weights of πΛp , that is, over the weights η =
∑m
i=1 biεi such
that |bi| ≤ 1 for all i and ‖η‖1 = p − 2r for some r ∈ N, by Lemma 3.6. To
each such η we associate η′ =
∑m
i=1 b
′
iεi defined by b
′
i = b̺(i) for every i such
that a′i = 0 and b
′
i = sg(a̺(i)) sg(a
′
i) b̺(i) for every i such that a
′
i 6= 0. One can
check that ‖η‖1 = ‖η
′‖1, Z(η) = Z(η
′) and furthermore ‖µ− η‖1 = ‖µ
′ − η′‖1,
thus mπΛp (η)mπkε1 (µ − η) = mπΛp (η
′)mπkε1 (µ
′ − η′). By (3.11) we have that
mσ(µ) = mσ(µ
′) as asserted.
By Steinberg’s formula (see for instance [Kn, Ex. 17-Ch. IX]), the representation
σ decomposes as
(3.12) χσ =
∑
µ
mπΛp (µ) sgn(µ+ kε1 + ρ)χ(µ+kε1+ρ)∨−ρ,
where χσ denotes the character of the representation σ, ρ =
∑m
j=1(m − j)εj, half
the sum of positive roots, η∨ denotes the only dominant weight in the same Weyl
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orbit as η, and
sgn(µ) =
{
0 if ωµ = µ for some nontrivial ω ∈W ,
sgn(ω) otherwise, where ωµ is dominant.
Note that the sum in (3.12) is over the weights of πΛp , described in (3.8). More-
over, the character of the representation πk,p appears in the sum on the right-hand
side in (3.12) and this is the only time it does, hence πk,p appears exactly once in
the decomposition of σ. Now the proof of the lemma is completed by an inductive
argument in k and p by checking that any other irreducible representation πk′,p′
that appears in (3.12) satisfies k′ < k, or else k′ = k and p′ < p, thus πk′,p′ satisfies
(⋆) by the strong inductive hypothesis. Finally, since σ also satisfies (⋆) then πk,p
also does. 
The next theorem gives an explicit formula for dimV Γπk,p in terms of weight
multiplicities mπk,p(µ) and of the numbers NL(k, ℓ), when L = Γ\S
2m−1 is a lens
space with congruence lattice L.
Theorem 3.8. Let L = Γ\S2m−1 be a lens space with associated lattice L and let
k ∈ N and 0 ≤ p ≤ m. Then
(3.13) dimV Γπk,p =
⌊(k+p)/2⌋∑
r=0
m∑
ℓ=0
mπk,p(µr,ℓ) NL(k + p− 2r, ℓ),
where µr,ℓ is any weight such that Z(µr,ℓ) = ℓ and ‖µr,ℓ‖1 = k + p− 2r.
In the particular case when p = 0 we have that
(3.14) dimV Γπkε1 =
⌊k/2⌋∑
r=0
(
r +m− 2
m− 2
)
NL(k − 2r).
Proof. By Lemma 3.4 we have that
dimV Γπk,p =
∑
µ∈L
mπk,p(µ).
The sum is finite since it is a sum over the weights µ of πk,p. These weights are
of the form kε1 + Λp − ν with ν a sum of positive roots, if p < m, and of the
form kε1 + Λm − ν or kε1 + Λm − ν, if p = m. Since ‖α‖1 = ‖εi ± εj‖1 = 2
for every positive root α of so(2m,C) (see Section 2), then mπk,p(µ) = 0 unless
‖kε1 + Λp‖1 − ‖µ‖1 = k + p− ‖µ‖1 ∈ 2N0. Hence
dimV Γπk,p =
⌊(k+p)/2⌋∑
r=0
m∑
ℓ=0
∑
µ∈L:Z(µ)=ℓ,
‖µ‖1=k+p−2r
mπk,p(µ).
Since, by Lemma 3.7, the value of mπk,p(µ) depends only on ‖µ‖1 and Z(µ), the
last sum equals the number of weights µ such that ‖µ‖1 = k+p− 2r and Z(µ) = ℓ,
times the multiplicity of any such weight. This proves (3.13).
In the case when p = 0, the multiplicity mπkε1 (µ) is as given in (3.7). Thus
dimV Γπkε1
=
⌊k/2⌋∑
r=0
∑
µ∈L:
‖µ‖1=k−2r
(
r +m− 2
m− 2
)
=
⌊k/2⌋∑
r=0
(
r +m− 2
m− 2
)
NL(k − 2r).
This completes the proof. 
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We now state the first main result in this paper.
Theorem 3.9. Let L = Γ\S2m−1 and L′ = Γ′\S2m−1 be lens spaces with associated
congruence lattices L and L′ respectively. Then
(i) L and L′ are 0-isospectral if and only if L and L′ are ‖·‖1-isospectral.
(ii) L and L′ are p-isospectral for all p if and only if L and L′ are ‖·‖∗1-
isospectral.
Proof. Proposition 2.3 (i) (resp. (ii)) says that L and L′ are 0-isospectral (resp.
p-isospectral for all p) if and only if, for every k ∈ N, dimV Γπkε1
= dimV Γ
′
πkε1
(resp.
dimV Γπk,p = dimV
Γ′
πk,p for every k ∈ N and every 1 ≤ p ≤ m). Hence, in the converse
direction, (i) and (ii) follow immediately from (3.14) and (3.13) respectively.
We now assume that L and L′ are 0-isospectral. We shall prove by induction
that
(3.15) NL(k) = NL′(k)
for every k ∈ N. The case k = 0 is clear, since both sides are equal to one. Suppose
that (3.15) holds for every k < k0. By (3.14) we have that∑
r≥0
(
r +m− 2
m− 2
)
NL(k0 − 2r) =
∑
r≥0
(
r +m− 2
m− 2
)
NL′(k0 − 2r).
All the terms with r > 0 on both sides are equal by assumption, hence this equality
implies that also NL(k0) = NL′(k0). This proves (i).
We next prove (ii). Assume that L and L′ are p-isospectral for all p. We shall
prove that
(3.16) NL(k, ℓ) = NL′(k, ℓ) ∀ℓ : 0 ≤ ℓ ≤ m,
for every k ∈ N. We use an inductive argument on k. The case k = 0 is again
clear. We suppose that (3.16) holds for every k < k0. For each 1 ≤ p ≤ m, if we
let k = k0 − p, then, by (3.13), since L and L
′ are p-isospectral, we have that∑
r≥0
m∑
ℓ=0
mπk,p(µr,ℓ) NL(k0 − 2r, ℓ) =
∑
r≥0
m∑
ℓ=0
mπk,p(µr,ℓ) NL′(k0 − 2r, ℓ),
where µr,ℓ is any weight satisfying ‖µr,ℓ‖1 = k0 − 2r and Z(µr,ℓ) = ℓ. By assump-
tion, all terms in both sides with r > 0 coincide. Thus
m−1∑
ℓ=0
mπk,p(µ0,ℓ) NL(k0, ℓ) =
m−1∑
ℓ=0
mπk,p(µ0,ℓ) NL′(k0, ℓ).
Note that the terms ℓ = m in both sides have been deleted since they are both
equal to zero.
To prove our claim it suffices to show that them×m-matrix (mπk,p(µ0,ℓ))p,ℓ with
p = 1, . . . ,m and ℓ = 0, . . . ,m− 1 is invertible. We claim that this matrix has 1’s
on the anti-diagonal and it is ‘upper-triangular’ with respect to the anti-diagonal,
hence it has determinant ±1.
Now, the element µ0,ℓ is any weight in Z
m such that ‖µ0,ℓ‖1 = k0 and Z(µr,ℓ) = ℓ,
thus we may pick
µ0,ℓ = (k0 −m+ ℓ+ 1)ε1 + ε2 + · · ·+ εm−ℓ.
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If m − ℓ = p (i.e. (p, ℓ) is on the antidiagonal), then µ0,ℓ = kε1 + Λp. If p < m,
then πk,p has highest weight kε1 + Λp, hence mπk,p(µ0,ℓ) = 1. On the other hand,
if m − ℓ < p then µ0,ℓ cannot be a weight since kε1 + Λp − µ0,ℓ is not a sum of
positive roots given that the coefficient of ε1 equals m− ℓ− p < 0. The case p = m
is very similar and its verification is left to the reader. 
Remark 3.10. Two spherical space forms Γ\Sn and Γ′\Sn are said to be strongly
isospectral if for any strongly elliptic natural operator D acting on sections of a
natural bundle E over Sn, the associated operators DΓ and DΓ′ acting on sections
of the bundles Γ\E and Γ′\E have the same spectrum. Isospectral manifolds con-
structed by Sunada’s method are strongly isospectral. It is a well known fact that
non-isometric lens spaces cannot be strongly isospectral (see Proposition 7.2).
Remark 3.11. Ikeda in [Ik1] gave many pairs of non-isometric lens spaces that are
0-isospectral. The simplest such pair is L(11; 1, 2, 3) and L(11; 1, 2, 4) in dimension
5. In light of Theorem 3.9 (i), the associated congruence 3-dimensional lattices
L = L(11; 1, 2, 3) and L′ = L(11; 1, 2, 4) must be ‖·‖1-isospectral. However, it is a
simple matter to check that L and L′ are not ‖·‖∗1-isospectral. In fact, it is easy to
see that ±(2,−1, 0) and ±(1, 1− 1) are the only vectors in L with 1-norm equal to
3, while ±(2,−1, 0) and ±(0, 2,−1) are those with 1-norm equal to 3 lying in L′.
This implies that NL(3, 0) = 2 6= NL′(3, 0) = 0 and NL(3, 1) = 2 6= NL′(3, 1) = 4,
proving the assertion.
As we shall see in Section 6, there exist infinitely many pairs of congruence
lattices that are ‖·‖∗1-isospectral in dimensionm = 3. Such examples do not exist for
m = 2, since Ikeda and Yamamoto showed that two 0-isospectral 3-dimensional lens
spaces are isometric ([IY], [Ya]). Also, in the relevant paper [Ik3], Ikeda produced
for each given p0 pairs of lens spaces that are p-isospectral for every 0 ≤ p ≤ p0 but
are not p0 + 1 isospectral.
4. Finiteness conditions
In this section we give a necessary and sufficient condition for twom-dimensional
q-congruence lattices to be ‖·‖∗1-isospectral, by comparison, for the two lattices, of a
finite set of numbers of cardinality at most
(
m+1
2
)
q. Thus, in light of the connection
with lens spaces in Theorem 3.9 (ii), one can check with finitely many computations
whether two lens spaces are p-isospectral for all p. In Section 5 we will show many
examples of ‖·‖∗1-isospectral lattices found with a computer.
We first need to introduce some notions and notations. For q ∈ N we set
C(q) =
{∑
j ajεj ∈ Z
m : |aj | < q , ∀ j
}
.
An element in C(q) will be called q-reduced. We define an equivalence relation in
Zm as follows: if µ =
∑
j ajεj , µ
′ =
∑
j a
′
jεj ∈ Z
m then µ ∼ µ′ if and only if
µ− µ′ ∈ (qZ)m and aja
′
j ≥ 0 for every j such that aj 6≡ 0 (mod q). This relation
induces an equivalence relation in Zm and also in any q-congruence lattice L since
qZm ⊂ L. Furthermore, C(q) and C(q) ∩ L give a complete set of representatives
of ∼ on Zm and L respectively. We now consider the number of q-reduced elements
L with a fixed norm and a fixed number of zeros.
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Definition 4.1. Let L be a q-congruence lattice as in (3.3). For any k ∈ N0 and
0 ≤ ℓ ≤ m, we set
N redL (k, ℓ) = #{µ ∈ C(q) ∩ L : ‖µ‖1 = k, Z(µ) = ℓ}.
We note that any element µ ∈ Zm lying in the regular tetrahedron ‖µ‖1 < q
is q-reduced, thus NL(k, ℓ) = N
red
L (k, ℓ) for every k < q. Also, for each of the
m − ℓ nonzero coordinates ai of a q-reduced element one has |ai| ≤ q − 1, thus
N redL (k, ℓ) = 0 for every k > (m − ℓ)(q − 1). Hence, the total number of possibly
nonzero numbers N redL (k, ℓ) is at most
(
m+1
2
)
q.
We have mentioned above that every element in a q-congruence lattice L is
equivalent to one and only one q-reduced element in L. As one should expect, the
finite set of N redL (k, ℓ)’s determines the numbers NL(k, ℓ), for every k, ℓ. That is, if
N redL (k, ℓ) = N
red
L′ (k, ℓ) for every k and ℓ, then L and L
′ are ‖·‖∗1-isospectral. The
next theorem shows this fact by giving an explicit formula for NL(k, ℓ) in terms of
the N redL (k, ℓ). This formula will also allow us to prove that the numbers NL(k, ℓ)
determine the numbers N redL (k, ℓ).
Theorem 4.2. Let L and L′ be two q-congruence lattices as in (3.3).
(i) If k = αq + r ∈ N with 0 ≤ r < q, then
(4.1) NL(k, ℓ) =
m−ℓ∑
s=0
2s
(
ℓ+ s
s
) α∑
t=s
(
t− s+m− ℓ− 1
m− ℓ− 1
)
N redL (k − tq, ℓ+ s).
(ii) NL(k, ℓ) = NL′(k, ℓ) for every k and ℓ if and only if N
red
L (k, ℓ) = N
red
L′ (k, ℓ)
for every k and ℓ.
Proof. We begin by proving (i). We fix 0 ≤ r < q and we write k = αq+ r for some
α ∈ N0. When α = 0 (4.1) is reduced to the identity NL(r, ℓ) = N
red
L (r, ℓ), which
is valid. For convenience, in the rest of this proof, we say that µ is of type (k, ℓ) if
‖µ‖1 = k and Z(µ) = ℓ.
Now assume that α = 1. In this case (4.1) is reduced to
NL(q + r, ℓ) = N
red
L (q + r, ℓ) + (m− ℓ)N
red
L (r, ℓ) + 2(ℓ+ 1)N
red
L (r, ℓ+ 1).
There are three terms in the right hand side. Also, if µ is an element of type
(q+ r, ℓ) and µ0 is the only element in C(q) such that µ ∼ µ0, then there are three
possible different types for µ0, namely (q+ r, ℓ), (r, ℓ) and (r, ℓ+1). Next, we check
the correspondence between the three terms and the three types, in the same order
that are given.
The first term corresponds to the elements in L of type (q+r, ℓ) which are already
reduced. The second term corresponds to the elements in L that are equivalent to
a reduced element of type (r, ℓ). Indeed, if µ =
∑
i aiεi ∈ L ∩C(q) is of type (r, ℓ),
then for each nonzero coordinate i of µ (there are m − ℓ of them), the element
µ + ai|ai|qεi has type (q + r, ℓ) and lies in the lattice, since ±qεi ∈ qZ
m ⊂ L.
Regarding the third term, for each µ ∈ L ∩ C(q) of type (r, ℓ + 1) and each zero
coordinate i of µ (there are ℓ+ 1 of them), the element µ± qεi has type (q + r, ℓ).
The detailed description done in the particular case α = 1 will help to understand
the general case. Let µ ∈ L of type (k, ℓ) and denote by µ0 the only element in
C(q)∩L such that µ ∼ µ0. One can check that µ0 is of type (k− tq, ℓ+ s) for some
0 ≤ s ≤ m− ℓ and some s ≤ t ≤ α.
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Assume that µ0 is of type (k − tq, ℓ + s). For each choice of s zero coordinates,
i1, . . . , is, of µ0, the element µ1 := µ0 ± qεi1 ± · · · ± qεis has type (k − tq + sq, ℓ).
There are 2s
(
ℓ+s
s
)
different ways to choose µ1 from µ0. Now, it remains to add
±q (depending on the sign of the coordinate) (t − s)-times in the m − ℓ nonzero
coordinates. This can be done in as many ways as the number of ordered partitions
of t− s into m− ℓ parts, that is, the number of ways of writing t− s ∈ N0 as a sum
of m − ℓ non-negative integers. This equals
(
t−s+m−ℓ−1
m−ℓ−1
)
and establishes formula
(4.1).
We next prove (ii). In one direction the assertion follows from (4.1). We now
assume that NL(k, ℓ) = NL′(k, ℓ) for every k and ℓ. We write k = αq + r with
0 ≤ r < q. We argue by induction on α. When α = 0, NL(k, ℓ) = N
red
L (k, ℓ) and
similarly for L′, thus N redL (k, ℓ) = N
red
L′ (k, ℓ) for every k < q.
We assume that N redL (k, ℓ) = N
red
L′ (k, ℓ) holds for every k = αq+r with α < α0 ∈
N. Clearly, N redL (α0q + r,m) = N
red
L′ (α0q + r,m) = 0. We proceed by induction
on ℓ, decreasing from m to 0. Suppose that N redL (α0q + r, ℓ) = N
red
L′ (α0q + r, ℓ) for
every ℓ > ℓ0. By (4.1), NL(α0q + r, ℓ0) can be written as a linear combination of
the N redL (αq+ r, ℓ) for α ≤ α0 and ℓ ≥ ℓ0, and similarly for NL′(α0q+ r, ℓ0). Thus,
by the inductive hypothesis, we obtain that NL(α0q + r, ℓ0) = NL′(α0q + r, ℓ0) as
asserted. 
5. Computations and questions
In this section we shall use the finiteness theorem of Section 4 to produce, with
the help of a computer, many examples of pairs of non-isometric congruence lattices
that are ‖·‖∗1-isospectral. In light of Theorem 3.9 (ii), each such pair gives rise to a
pair of non-isometric lens spaces that are p-isospectral for all p.
We next explain the computational procedure to find ‖·‖∗1-isospectral lattices.
For each m and q, one finds first, by using Propositions 3.1 and 3.3, a complete
list of non-isometric q-congruence lattices in Zm. Then, for each lattice L in the
list, one computes the (finitely many) numbers N redL (k, ℓ) for 0 ≤ ℓ ≤ m and
0 ≤ k ≤ (m−ℓ)(q−1). Next, for each pair of lattices, one compares their associated
sets of numbers. Finally, the program puts together the lattices for which these
numbers coincide. By Theorem 4.2, such lattices are mutually ‖·‖∗1-isospectral.
By the procedure above, using the computer program Sage [Sa], we found all ‖·‖∗1-
isospectral m-dimensional q-congruence lattices for m = 3, q ≤ 300 and m = 4,
q ≤ 150 (see Tables 1 and 2). We point out that all such lattices come in pairs
for these values of q and m (see Question 5.3). In the tables, the parameters
[s1, . . . , sm] and [s
′
1, . . . , s
′
m] in a row indicate the corresponding ‖·‖
∗
1-isospectral
lattices L(q; s1, . . . , sm) and L(q; s
′
1, . . . , s
′
m) as in (3.3).
Next we will attempt to explain in a unified manner the examples appearing in
the tables. Let r and t be positive integers and set q = r2t, r > 1. We let θ = 1+rt,
considered as an element of (Z/qZ)×, the group of units of Z/qZ. Then, the inverse
of θ modulo q is θ−1 := 1− rt. Clearly, for every k ∈ Z,
θk ≡ 1 + krt (mod q).
In particular, θ has order r in (Z/qZ)×. For example, the pairs considered in
Section 6 can be written in the form
(5.1) L = L(q; θ0, θ1, θ3) and L′ = L(q; θ0, θ−1, θ−3).
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Table 1. Pairs of ‖·‖∗1-isospectral q-congruence lattices of dimen-
sion m = 3 for q ≤ 300.
q [s1, s2, s3 ] [s
′
1, s
′
2, s
′
3 ]
49 [ 1, 6, 15 ] [ 1, 6, 20 ] *
64 [ 1, 7, 17 ] [ 1, 7, 23 ] *
98 [ 1, 13, 29 ] [ 1, 13, 41 ] *
100 [ 1, 9, 21 ] [ 1, 9, 29 ] *
100 [ 1, 9, 31 ] [ 1, 9, 39 ]
121 [ 1, 10, 23 ] [ 1, 10, 32 ] *
121 [ 1, 10, 34 ] [ 1, 10, 43 ]
121 [ 1, 10, 45 ] [ 1, 10, 54 ]
121 [ 1, 21, 34 ] [ 1, 21, 54 ]
121 [ 1, 21, 45 ] [ 1, 21, 56 ]
128 [ 1, 15, 33 ] [ 1, 15, 47 ] *
147 [ 1, 20, 43 ] [ 1, 20, 62 ] *
169 [ 1, 12, 27 ] [ 1, 12, 38 ] *
169 [ 1, 12, 53 ] [ 1, 12, 64 ]
169 [ 1, 12, 66 ] [ 1, 12, 77 ]
169 [ 1, 25, 40 ] [ 1, 25, 64 ]
169 [ 1, 25, 53 ] [ 1, 25, 77 ]
169 [ 1, 38, 53 ] [ 1, 38, 79 ]
169 [ 1, 12, 40 ] [ 1, 12, 51 ]
169 [ 1, 25, 66 ] [ 1, 25, 79 ]
192 [ 1, 23, 49 ] [ 1, 23, 71 ] *
196 [ 1, 13, 29 ] [ 1, 13, 41 ] *
196 [ 1, 13, 57 ] [ 1, 13, 69 ]
196 [ 1, 41, 71 ] [ 1, 41, 85 ]
196 [ 1, 13, 43 ] [ 1, 13, 55 ]
196 [ 1, 13, 71 ] [ 1, 13, 83 ]
196 [ 1, 27, 43 ] [ 1, 27, 69 ]
196 [ 1, 27, 57 ] [ 1, 27, 83 ] *
200 [ 1, 19, 41 ] [ 1, 19, 59 ] *
200 [ 1, 19, 61 ] [ 1, 19, 79 ]
242 [ 1, 21, 45 ] [ 1, 21, 65 ] *
q [s1, s2, s3 ] [s
′
1, s
′
2, s
′
3 ]
242 [ 1, 21, 67 ] [ 1, 21, 87 ]
242 [ 1, 21, 89 ] [ 1, 21, 109 ]
242 [ 1, 43, 67 ] [ 1, 43, 109 ]
242 [ 1, 43, 89 ] [ 1, 43, 111 ]
245 [ 1, 34, 71 ] [ 1, 34, 104 ] *
256 [ 1, 15, 33 ] [ 1, 15, 47 ] *
256 [ 1, 15, 81 ] [ 1, 15, 95 ]
256 [ 1, 31, 81 ] [ 1, 31, 111 ]
256 [ 1, 47, 97 ] [ 1, 47, 113 ]
256 [ 1, 15, 97 ] [ 1, 15, 111 ]
256 [ 1, 31, 49 ] [ 1, 31, 79 ]
256 [ 1, 31, 65 ] [ 1, 31, 95 ] *
289 [ 1, 16, 35 ] [ 1, 16, 50 ] *
289 [ 1, 16, 86 ] [ 1, 16, 101 ]
289 [ 1, 16, 120 ] [ 1, 16, 135 ]
289 [ 1, 33, 69 ] [ 1, 33, 101 ]
289 [ 1, 33, 86 ] [ 1, 33, 118 ]
289 [ 1, 50, 69 ] [ 1, 50, 118 ]
289 [ 1, 50, 103 ] [ 1, 50, 137 ]
289 [ 1, 67, 86 ] [ 1, 67, 137 ]
289 [ 1, 16, 52 ] [ 1, 16, 67 ]
289 [ 1, 16, 69 ] [ 1, 16, 84 ]
289 [ 1, 16, 103 ] [ 1, 16, 118 ]
289 [ 1, 33, 52 ] [ 1, 33, 84 ]
289 [ 1, 67, 103 ] [ 1, 67, 120 ]
289 [ 1, 33, 103 ] [ 1, 33, 135 ]
289 [ 1, 50, 86 ] [ 1, 50, 135 ]
289 [ 1, 33, 120 ] [ 1, 33, 137 ]
294 [ 1, 41, 85 ] [ 1, 41, 125 ] *
300 [ 1, 29, 61 ] [ 1, 29, 89 ] *
300 [ 1, 29, 91 ] [ 1, 29, 119 ]
Pairs marked with ∗ belong to the family to be given in Section 6.
We note that all pairs in the tables have a description in terms of suitable powers
of θ for some choices of r and t such that q = r2t. For instance, the simplest example
in Table 1, if we take r = 7 and t = 1 can be written as
(5.2)
L(49; 1, 6, 15) = L(q; θ0,−θ−1, θ2) ∼=1 L(q; θ
0, θ1, θ3),
L(49; 1, 6, 20) = L(q; θ0,−θ−1,−θ−3) ∼=1 L(q; θ
0, θ−1, θ−3),
where ∼=1 denotes isometric in ‖·‖1. Indeed, in both cases we multiplied by an
appropriate power of θ and then we reordered the terms. Furthermore, the first
pair in Table 2, if r = 7 and t = 1 becomes
(5.3)
L(49; 1, 6, 8, 20) = L(q; θ0,−θ−1, θ1,−θ−3) ∼=1 L(q; θ
0, θ2, θ3, θ4),
L(49; 1, 6, 8, 22) = L(q; θ0,−θ−1, θ1, θ3) ∼=1 L(q; θ
0, θ−2, θ−3, θ−4).
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Table 2. Pairs of ‖·‖∗1-isospectral q-congruence lattices of dimen-
sion m = 4 for q ≤ 150.
q [s1, s2, s3, s4 ] [s
′
1, s
′
2, s
′
3, s
′
4 ]
49 [ 1, 6, 8, 20 ] [ 1, 6, 8, 22 ]
81 [ 1, 8, 10, 26 ] [ 1, 8, 10, 28 ]
81 [ 1, 8, 10, 35 ] [ 1, 8, 10, 37 ]
81 [ 1, 8, 19, 37 ] [ 1, 8, 26, 37 ]
98 [ 1, 13, 15, 41 ] [ 1, 13, 15, 43 ]
100 [ 1, 9, 11, 29 ] [ 1, 9, 11, 31 ]
100 [ 1, 9, 21, 39 ] [ 1, 9, 29, 31 ]
121 [ 1, 10, 12, 32 ] [ 1, 10, 12, 34 ]
121 [ 1, 10, 12, 54 ] [ 1, 10, 12, 56 ]
121 [ 1, 10, 23, 56 ] [ 1, 10, 32, 56 ]
q [s1, s2, s3, s4 ] [s
′
1, s
′
2, s
′
3, s
′
4 ]
121 [ 1, 10, 34, 54 ] [ 1, 10, 43, 45 ]
121 [ 1, 21, 23, 54 ] [ 1, 21, 23, 56 ]
121 [ 1, 10, 12, 43 ] [ 1, 10, 12, 45 ]
121 [ 1, 10, 23, 43 ] [ 1, 10, 32, 34 ]
121 [ 1, 10, 23, 45 ] [ 1, 10, 32, 54 ]
121 [ 1, 10, 23, 54 ] [ 1, 10, 32, 45 ]
121 [ 1, 10, 34, 56 ] [ 1, 10, 43, 56 ]
144 [ 1, 11, 13, 47 ] [ 1, 11, 13, 49 ]
144 [ 1, 11, 25, 59 ] [ 1, 11, 35, 49 ]
147 [ 1, 20, 22, 62 ] [ 1, 20, 22, 64 ]
We point out that all examples shown in Tables 1 and 2 respond to the following
description:
(5.4) L(q; θd0 , θd1 , . . . , θdm−1) and L(q; θ−d0 , θ−d1 , . . . , θ−dm−1),
where q = r2t, r > 1, θ = 1 + rt and 0 = d0 < d1 < · · · < dm−1 < r. However,
note that for some choices of m, r and t, there are sequences 0 = d0 < d1 < · · · <
dm−1 < r such that the lattices defined as in (5.4) are not ‖·‖
∗
1-isospectral. For
example, this is the case when m = 3, r = 8, t = 1 and [d0, d1, d2] = [0, 1, 4].
The following questions come up naturally.
Question 5.1. Give conditions on the sequence 0 = d0 < d1 < · · · < dm−1 < r for
lattices as in (5.4) to be ‖·‖∗1-isospectral.
Question 5.2. Are there examples of ‖·‖∗1-isospectral lattices that are not of the
type in (5.4) for some choice of θ?
Question 5.3. Are there families of ‖·‖∗1-isospectral lattices having more than two
elements?
We have carried out computations for small values of m and q and in this search
we have not found any such family yet.
Next, we give a particular sequence as in (5.4) that is very likely to give ‖·‖∗1-
isospectral pairs in all dimensions under rather general conditions on r, for instance,
if r is prime. This motivation makes it worth showing that this sequence always
gives non-isometric lattices.
Proposition 5.4. Let m ≥ 3, r ≥ m + 3, t ∈ N and set q = r2t and θ = 1 + rt,
then the q-congruence lattices
(5.5) L(q; θ0, θ2, θ3, . . . , θm) and L(q; θ0, θ−2, θ−3, . . . , θ−m)
are not ‖·‖1-isometric.
Proof. In general, if 0 = d0 < d1 < · · · < dm−1 < r, we associate to L(q; θ
d0 , θd1 , . . . , θdm−1)
the following ordered partition of r:
r = (d1 − d0) + · · ·+ (dm−1 − dm−2) + (r − dm−1).
By using Propositions 3.1 and 3.3, one can check that two lens spaces with partitions
r = a1 + · · · + am and r = b1 + · · · + bm are ‖·‖1-isometric if and only if there is
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l ∈ Z such that aj = bj+l for every j, where the index j + l is taken in the interval
[0,m− 1] (mod m).
In our case, the ordered partitions for the lattices L(q; θ0, θ2, θ3, . . . , θm) and
L(q; θ0, θ−2, θ−3, . . . , θ−m)∼=1L(q; θ
0, θ1, . . . , θm−2, θm) are
r = 2 + 1 + · · ·+ 1 + (r −m),
r = 1 + · · ·+ 1 + 2 + (r −m).
The assertion now follows since r −m ≥ 3. 
6. Families of ‖·‖∗1-isospectral lattices
The goal of this section is to construct an infinite two-parameter family of pairs
of ‖·‖∗1-isospectral lattices in Z
m for m = 3. Together with Theorem 3.9 (ii),
this will produce infinitely many pairs of non-isometric 5-dimensional lens spaces,
isospectral on p-forms for every p. Although our construction does not give all of
the examples for m = 3, the list given in Section 5 shows that most of the examples
can be obtained by a slight variation of the method used in this section.
Throughout this section, we fix r, t ∈ N, r > 1. We single out (see (3.3)) the
congruence lattices
(6.1)
L = L( r2t; 1, 1 + rt, 1 + 3rt),
L′ = L( r2t; 1, 1− rt, 1− 3rt).
In other words, L and L′ are defined by the equations
(6.2)
L : a + (1 + rt)b + (1 + 3rt)c ≡ 0 (mod r2t),
L′ : a + (1− rt)b + (1− 3rt)c ≡ 0 (mod r2t),
or equivalently by
(6.3)
L : a+ b+ c +rt(b + 3c) ≡ 0 (mod r2t),
L′ : a+ b+ c −rt(b + 3c) ≡ 0 (mod r2t).
Our goal is to prove that L and L′ are ‖·‖∗1-isospectral for every r not divisible by
3. By Proposition 5.4, L and L′ are non-isometric for r ≥ 6. The first pair in this
family is for r = 7 and t = 1, namely L = L(49; 1, 8, 22) and L′ = L(49; 1,−6,−20).
We point out that this pair is isometric to the simplest pair in Table 1 by (5.2).
We recall that L and L′ are said to be ‖·‖∗1-isospectral if NL(k, ℓ) = NL′(k, ℓ)
for every k ∈ N and every 0 ≤ ℓ ≤ m = 3 (where NL(k, ℓ) is as in (3.6)). We shall
first prove that this equality holds easily for ℓ = 1, 2, 3.
Lemma 6.1. For any ℓ = 1, 2, 3 and any k ∈ N, one has that NL(k, ℓ) = NL′(k, ℓ).
Proof. The assertion is clear for ℓ = 3. Also, it is easy to check for ℓ = 2 since
the elements (sr2t, 0, 0), (0, sr2t, 0), (0, 0, sr2t) for s ∈ Z, s 6= 0 are the only ones in
both lattices having exactly two coordinates equal to zero.
For ℓ = 1, it is not hard to give a ‖·‖1-preserving bijection between the sets
{η ∈ L : Z(η) = 1} and {η′ ∈ L′ : Z(η′) = 1}. Namely one has
(a, b, 0) ∈ L ⇐⇒ (b, a, 0) ∈ L′,
(a, 0, c) ∈ L ⇐⇒ (c, 0, a) ∈ L′,
(0, b, c) ∈ L ⇐⇒ (0, c, b) ∈ L′,
18 E. A. LAURET, R. J. MIATELLO AND J. P. ROSSETTI
for every nonzero integers a, b and c. For example, (a, b, 0) ∈ L ⇐⇒ a+(1+rt)b ≡ 0
(mod r2t) ⇐⇒ (1−rt)a+b ≡ 0 (mod r2t) ⇐⇒ (b, a, 0) ∈ L. The second and the
third rows follow in a similar way, multiplying by 1−3rt and 1−4rt respectively. 
Remark 6.2. It now remains to prove that NL(k, 0) = NL′(k, 0) for every k,
which, by Lemma 6.1, is equivalent to show that L and L′ are ‖·‖1-isospectral,
since NL(k) =
∑3
ℓ=0NL(k, ℓ). We see that, remarkably, in light of Theorem 3.9 (i),
the previous lemma allows us to reduce the verification of p-isospectrality for all p
of the associated lens spaces, to prove that they are just 0-isospectral.
Theorem 6.3. For any r and t positive integers with r 6≡ 0 (mod 3), the lattices
L and L′ in (6.2) are ‖·‖∗1-isospectral.
Proof. By Lemma 6.1, it remains to prove that NL(k, 0) = NL′(k, 0) for every k.
This is clearly true for k = 0, hence we will assume that k > 0. The proof consists
in showing that the number of elements with a fixed one-norm in each octant is the
same for both lattices. Since lattices have central symmetry, we have
1
2 NL(k, 0) = N
+++
L (k) +N
++−
L (k) +N
+−+
L (k) +N
+−−
L (k),
where the signs in the supra-indexes indicate the signs of the coordinates. That is,
N++−L (k) is the number of η = (a, b, c) ∈ L such that ‖η‖1 = k, a > 0, b > 0 and
c < 0. We will show that N+++L (k) = N
+++
L′ (k), N
++−
L (k) = N
++−
L′ (k) and so on.
We first examine the octant +++. Any vector here has the form
(6.4) η = (k − x, x − y, y) with 0 < y < x < k.
By (6.3), we have that η ∈ L (resp. η ∈ L′) if and only if k + rt(x + 2y) ≡ 0
(mod r2t) (resp. k − rt(x + 2y) ≡ 0 (mod r2t)). Thus N+++L (k) = N
+++
L′ (k) = 0
unless k is divisible by rt. We write k = ωrt for some positive integer ω. Then
(6.5)
η ∈ L ⇐⇒ x+ 2y ≡ −ω (mod r),
η ∈ L′ ⇐⇒ x+ 2y ≡ ω (mod r).
In order to count the number of solutions in (6.5), we split the set of integer
points (x, y) satisfying 0 < y < x < k into squares and triangles as follows. We
take the squares {(x, y) : αr ≤ x < (α + 1)r, βr < y ≤ (β + 1)r} for 1 ≤ β < α ≤
ωt − 1, together with the triangles {(x, y) : αr < x < (α + 1), αr < y < x} for
0 ≤ α ≤ wt − 1. We note that the points which are the upper-left corner of the
squares near the diagonal (when α = β + 1) are not in the orginal set; this will be
taken into account in the computations. There are
(
ωt
2
)
squares and ωt triangles.
Set
A(r, ξ) = #{(x, y) ∈ Z2 : 0 < y < x < r, x+ 2y ≡ ξ (mod r)}.
Since we are working modulo r, the number of elements of L (resp. L′) in any
triangle is always the same and is equal to A(r,−ω) (resp. A(r, ω)). Thus we have
ωtA(r,−ω) (resp. ωtA(r, ω)) elements in L (resp. L′) in the union of all triangles.
On the other hand, if ω 6≡ 0 (mod r), there are exactly r elements in L (or in L′)
in each square, thus we have
(
ωt
2
)
r elements in L (or in L′) and in the union of
all the squares. When ω ≡ 0 (mod r), one has the same quantity minus ωt − 1
elements, since, as noticed above, we have to exclude the vertices (αωt, (α + 1)ωt)
for 1 ≤ α ≤ ωt− 1 which lie in the squares next to the diagonal x = y. Summing
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up, we get
N+++L (ωrt) =
{
ωtA(r,−ω) +
(
ωt
2
)
r if ω 6≡ 0 (mod r),
ωtA(r,−ω) +
(
ωt
2
)
r − ωt+ 1 if ω ≡ 0 (mod r),
and the same for N+++L′ (ωrt) replacing A(r,−ω) by A(r, ω). The next lemma
gives a formula for A(r, ξ) showing that A(r, ω) = A(r,−ω), hence N+++L (ωrt) =
N+++L′ (ωrt).
Lemma 6.4. Let r and ξ be integers such that r 6≡ 0 (mod 3). If r is odd, then
A(r, ξ) =
{
r−3
2 if ξ 6≡ 0 (mod r),
r−1
2 if ξ ≡ 0 (mod r).
If r is even, then
A(r, ξ) =

r
2 − 1 if ξ 6≡ 0 (mod r) and ξ is odd,
r
2 − 2 if ξ 6≡ 0 (mod r) and ξ is even,
r
2 − 1 if ξ ≡ 0 (mod r).
We will often use the standard notation ⌊u⌋ = max{d ∈ Z : d ≤ u} and ⌈u⌉ =
min{d ∈ Z : d ≥ u} for the floor and ceiling of a real number respectively.
Proof. We may assume that 0 ≤ ξ < r. Suppose that x + 2y ≡ ξ (mod r); thus,
x = γr + ξ − 2y for some γ ∈ Z. One can check that 1 ≤ γ ≤ 2 if ξ = 0 and
0 ≤ γ ≤ 2 if ξ > 0, since 0 < y < x < r. Furthermore, the restrictions y < x and
x < r are equivalent to
(6.6)
y + 1 ≤ γr + ξ − 2y, γr + ξ − 2y ≤ r − 1
y ≤ γr+ξ−13 ,
(γ−1)r+ξ+1
2 ≤ y
y ≤ ⌊γr+ξ−13 ⌋, ⌈
(γ−1)r+ξ+1
2 ⌉ ≤ y.
If ξ = 0, then γ = 1 implies 1 ≤ y ≤ ⌊ r−13 ⌋ and γ = 2 implies ⌈
r+1
2 ⌉ ≤ y ≤ ⌊
2r−1
3 ⌋,
thus
A(r, 0) = ⌊ r−13 ⌋+ ⌊
2r−1
3 ⌋+ 1− ⌈
r+1
2 ⌉ = r − ⌈
r+1
2 ⌉,
which is our assertion for ξ ≡ 0 (mod r).
Similarly, if ξ > 0, then γ = 0 implies 1 ≤ y ≤ ⌊ ξ−13 ⌋, γ = 1 implies ⌈
ξ+1
2 ⌉ ≤
y ≤ ⌊ r+ξ−13 ⌋ and γ = 2 implies ⌈
r+ξ+1
2 ⌉ ≤ y ≤ ⌊
2r+ξ−1
3 ⌋, thus
A(r, ξ) = ⌊ ξ−13 ⌋+⌊
r+ξ−1
3 ⌋+⌊
2r+ξ−1
3 ⌋+2−⌈
ξ+1
2 ⌉−⌈
r+ξ+1
2 ⌉ = r+ξ−
(
⌈ ξ+12 ⌉+⌈
r+ξ+1
2 ⌉
)
.
The rest of the proof is straightforward. 
We continue with the proof of Theorem 6.3, now considering the octant +−−.
Any vector in this octant can be written as
(6.7) η = (k − x, y − x,−y) with 0 < y < x < k,
then, by (6.3), we have that
(6.8)
η ∈ L ⇐⇒ rt(x+ 2y) ≡ k − 2x (mod r2t),
η ∈ L′ ⇐⇒ −rt(x+ 2y) ≡ k − 2x (mod r2t).
In both cases we have 2x ≡ k (mod rt). We fix k = ωrt + k0 with 0 ≤ k0 < rt,
thus x must satisfy 2x ≡ k0 (mod rt).
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We first assume that rt is odd. Then there exists only one x0 satisfying 2x0 ≡ k0
(mod rt) and 0 ≤ x0 < rt. We write any other solution as x = αrt + x0 for some
α. The restriction 0 < x < k is equivalent to
(6.9)
1 ≤ αrt + x0 ≤ ωrt+ k0 − 1,
−⌊x0−1rt ⌋ = ⌈
1−x0
rt ⌉ ≤ α ≤ ω + ⌊
k0−1−x0
rt ⌋.
On the other hand, by (6.8), we have that
(6.10)
η ∈ L ⇐⇒ 2y ≡ −x0 +
(
ω − 2α+ k0−2x0rt
)
(mod r),
η ∈ L′ ⇐⇒ 2y ≡ −x0 −
(
ω − 2α+ k0−2x0rt
)
(mod r).
Since r is odd, these equations always have a solution y, which is unique modulo r.
For each α satisfying (6.9), denote respectively by yα and y
′
α the solutions of (6.10)
for L and L′ such that 0 ≤ yα, y
′
α < r. We write the solutions as y = βr + yα and
y′ = β′r + yα′ . Now, the restriction 0 < y < x is equivalent to
(6.11)
1 ≤ βr + yα ≤ αrt+ x0 − 1,
−⌊ yα−1r ⌋ = ⌈
1−yα
r ⌉ ≤ β ≤ αt+ ⌊
x0−1−yα
r ⌋.
Hence
(6.12) N+−−L (k) =
ω+⌊
k0−1−x0
rt ⌋∑
α=−⌊
x0−1
rt ⌋
(
αt+ 1 + ⌊x0−1−yαr ⌋+ ⌊
yα−1
r ⌋
)
.
The same formula holds for N+−−L′ (k) replacing yα by y
′
α. Then N
+−−
L (k) −
N+−−L′ (k) is equal to
(6.13) C :=
ω+⌊
k0−1−x0
rt ⌋∑
α=−⌊
x0−1
rt ⌋
(
⌊x0−1−yαr ⌋+ ⌊
yα−1
r ⌋ − ⌊
x0−1−y
′
α
r ⌋ − ⌊
y′α−1
r ⌋
)
The proof in the case when rt is odd will be completed by showing that C = 0.
We first suppose that k0 is even and nonzero, thus k0 = 2x0 with 0 < x0 < rt/2
and x0 < k0. Then, (6.13) implies that
C =
ω∑
α=0
(
⌊x0−1−yαr ⌋ − ⌊
x0−1−y
′
α
r ⌋+ ⌊
yα−1
r ⌋ − ⌊
y′α−1
r ⌋
)
.
But a careful look at (6.10) shows that the solutions of both equations are related
by the equation y′α = yω−α for every 0 ≤ α ≤ ω; hence, C = 0.
If k0 = 0, then x0 = 0 and the sum in (6.13) runs through the interval 1 ≤ α ≤
ω − 1. Hence, C = 0 since y′α = yω−α for every 1 ≤ α ≤ ω − 1 by (6.10).
Now suppose that k0 is odd, then k0 = 2x0 − rt with rt/2 ≤ x0 < rt and
k0 < x0. In this case the sum in (6.13) runs through the interval 0 ≤ α ≤ ω − 1
and y′α = yω−1−α for every 1 ≤ α ≤ ω − 1 by (6.10), hence C = 0.
We now assume that rt is even. We recall that x must satisfy 2x ≡ k0 (mod rt).
Clearly, when k is odd, N+−−L (k) = N
+−−
L′ (k) = 0; thus, we assume that k is even.
Let x0 be the only integer such that 2x0 ≡ k0 (mod rt) and 0 ≤ x0 <
rt
2 . Thus
x0 = k0/2 ≤ k0 and a general solution has the form x = α
rt
2 + x0. Similarly, as
in (6.9), one can check that the restriction 0 < x < k is equivalent to −⌊2x0−1rt ⌋ ≤
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α ≤ 2ω+ ⌊2k0−x0−1rt ⌋, or more precisely, 1 ≤ α ≤ 2ω− 1 if x0 = 0 and, 0 ≤ α ≤ 2ω
if x0 > 0. Thus in this case, from (6.8) we have that
(6.14)
η ∈ L ⇐⇒ 2y ≡ −x0 − α
rt
2 + (ω − α) (mod r),
η ∈ L′ ⇐⇒ 2y ≡ −x0 − α
rt
2 − (ω − α) (mod r).
If r is odd, then both equations always have a solution y, which is unique modulo r.
When r is even, we assume that −x0−α
rt
2 +ω−α is even since both equations do
not have any solution otherwise. Thus, equations in (6.14) have unique solutions
modulo r2 . Let yα and y
′
α be the smallest non-negative solutions of (6.14) for L and
L′ respectively. A similar argument as in (6.11) implies that N+−−L (k) is equal to
the sum over −⌊2x0−1rt ⌋ ≤ α ≤ 2ω + ⌊2
k0−x0−1
rt ⌋ of the terms
(6.15)
{
α t2 + 1 + ⌊
x0−yα−1
r ⌋+ ⌊
yα−1
r ⌋ if r is odd,
αt+ 1 + ⌊2x0−yα−1r ⌋+ ⌊2
yα−1
r ⌋ if r is even,
and the same formula holds for N+−−L′ (k) replacing yα by y
′
α. But, for arbitrary r,
(6.14) implies that y′α = y2ω−α for every 0 ≤ α ≤ 2ω; then, N
+−−
L (k) = N
+−−
L′ (k).
This concludes the proof for the octant +−−.
Entirely similar arguments apply to the octants ++− and +−+, by considering
the elements written as (k − x, x− y,−y) and (k − x,−y, x− y) for 0 < y < x < k
respectively. 
Remark 6.5. The previous proof gives an explicit formula forN+++L (k), N
+−−
L (k),
N++−L (k) and N
+−+
L (k) for every k; thus, also for NL(k, 0). Actually, we have
checked with the computer that the formulas hold for k ≤ 1000. A formula for
N+++L (k) was included before Lemma 6.4. An explicit expression for N
+−−
L (k)
could also be given but the formula must be divided into many cases, namely, rt
odd, rt even and r odd, rt even and r odd, and (following the notation inside the
proof) with each of these subdivided into k0 odd, k0 > 0 even, k0 = 0 (subdivided
again by yα = 0, yα > 0). Similar complications occur for the octants ++− and
+−+.
Any of these expressions mentioned above contains a main term and a residual
term written as a sum of floors of rational numbers. For example, when rt is odd
and k is even and not divisible by rt, (6.8) implies that
N+−−L (k) = t
(
ω + 1
2
)
+ ω + 1 +
ω∑
α=0
(
⌊x0−1−yαr ⌋+ ⌊
yα−1
r ⌋
)
,
where ω = ⌊k/rt⌋, x0 is the only integer such that 2x0 ≡ k (mod rt) and 0 ≤ x0 <
rt and yα is the only solution of 2yα ≡ −x0−ω+2α (mod r) satisfying 0 ≤ yα < r.
It is easy to give an expression for NL(k, ℓ) for ℓ equal to 2 and 3. It is also
possible for ℓ = 1 in a similar —and simpler— way as in the previous proof.
This implies that we can compute explicitly every p-spectrum of the lens space
L(r2t; 1, 1 + rt, 1 + 3rt) by using the formula in Theorem 3.8.
Remark 6.6. In a previous version [LMR2] of this article, we proved Theorem 6.3
(for rt odd) with a completely different method which was more involved but gave
useful additional geometric information on the lattices.
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7. Lens spaces p-isospectral for every p
In this section we summarize the spectral properties of lens spaces that can be
obtained from the results on congruence lattices in the previous three sections, in
light of the characterization in Theorem 3.9. It also contains information on the
geometric, topological and spectral properties of the examples.
Theorem 7.1. For any r and t positive integers with r ≥ 7 and r 6≡ 0 (mod 3),
the lens spaces
L(r2t; 1, 1 + rt, 1 + 3rt) and L(r2t; 1, 1− rt, 1− 3rt)
are p-isospectral for all p but not strongly isospectral.
Tables 1 and 2 give more such pairs in dimensions 5 and 7 respectively. The
proof of p-isospectrality for all p follows immediately from Theorems 3.9 and 6.3.
The non-isometry comes from Proposition 5.4. They are not strongly isospectral
by the following general fact, which follows from well known results. We include a
proof for completeness.
Proposition 7.2. If L and L′ are strongly isospectral lens spaces, then they are
isometric.
Proof. We first assume that Γ\S2m−1 and Γ′\S2m−1 are strongly isospectral spher-
ical spaces forms, where Γ and Γ′ are arbitrary finite subgroups of O(2m) acting
freely on S2m−1. By Proposition 1 in [Pe1], the subgroups Γ and Γ′ are represen-
tation equivalent, i.e. L2(Γ\O(2m)) and L2(Γ′\O(2m)) are equivalent representa-
tions of O(2m). Hence, Γ and Γ′ are almost conjugate in O(2m) (see Lemma 2.12
in [Wo2]).
In our case, L = Γ\S2m−1 and L′ = Γ′\S2m−1 are lens spaces with Γ and Γ′
cyclic subgroups of SO(2m). Since almost conjugate cyclic subgroups are necessarily
conjugate, then L and L′ are isometric. 
We observe that the examples in Theorem 7.1 allow to obtain pairs of Riemannian
manifolds in every dimension n ≥ 5 that are p-isospectral for all p and are not
strongly isospectral. Indeed, for this purpose, we may just take M = L × Sk and
M ′ = L′ × Sk, for any k ∈ N0, where L, L
′ is any pair of non-isometric lens spaces
in dimension 5 satisfying p-isospectrality for every p. In relation to lens spaces of
higher dimensions we have the following result.
Theorem 7.3. For any n0 ≥ 5, there are pairs of non-isometric lens spaces of
dimension n, with n > n0, which are p-isospectral for all p.
Proof. We will apply Theorem 6.3, together with an extension of a duality result of
Ikeda. For each q ∈ N and n = 2m− 1 odd, denote by L0(q,m) the classes of non-
isometric n-dimensional lens spaces L(q; s1, . . . , sm) such that si 6≡ ±sj (mod q)
for all i 6= j. Set h = (φ(q) − 2m)/2, where φ is the Euler function.
To each lens space L = L(q; s1, . . . , sm) in L0(q,m), one associates the lens
space L = L(q; s¯1, . . . , s¯h), where the parameters s¯1, . . . , s¯h are chosen so that the
set {±s1, . . . ,±sm,±s¯1, . . . ,±s¯h} exhausts the coprime classes module q. We thus
obtain a new lens space L of dimension 2h− 1 = φ(q) − 2m− 1.
By [Ik3, Thm. 3.6], if q is prime, L and L′ in L0(q,m) are p-isospectral for all p
if and only if L and L′ are p-isospectral for all p.
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Now, for each q = r2, r an odd prime, r 6≡ 0 (mod 3), in Theorem 6.3 we have
obtained lens spaces L and L′ in L0(r
2, 3) that are p-isospectral for all p. Now, by
an extension of Ikeda’s argument in [Ik3, Thm 3.6] for q prime —to be sketched
below— one can show that the associated lens spaces L and L′ are p-isospectral for
all p. These lens spaces have dimension 2h− 1 = φ(r2)− 7 = r2− r− 7, a quantity
that tends to infinity when r does, thus the assertion in the theorem immediately
follows.
We now explain why Ikeda’s argument also works in the case q = r2, r prime. One
has that L,L′ are isospectral for every p if and only if they have the same generating
functions (see [Ik3, Thm 2.5]). Thus, one needs to show that the analogous sums
for L and L′ are equal to each other.
The generating function for L is given as a sum over the elements in the cyclic
group generated by g (see [Ik3, Thm 2.5]), which can be split into a subsum over
gk with (k, q) = 1 plus a subsum over gk with (k, q) = r plus a term corresponding
to the identity element (i.e. k = 0) and similarly for the generating function for L′,
with g′ in place of g. As asserted, the total sums are equal to each other for L and
L′.
It turns out that to prove the assertion for L and L′ it suffices to show that the
subsums just mentioned are equal to each other for L and L′ (the contribution for
k = 0 is the same in both cases). But it is not hard to show that this is true for
the second subsums (hence also for the first ones) for the lens spaces corresponding
to the lattices in Theorem 6.3, by taking into account that both lattices are of the
form L(q; s1, . . . , sn) with si ≡ ±1 (mod q). This concludes the proof. 
Remark 7.4. In Section 4 we have seen that the finite set of N redL (k, ℓ) determines
whether two q-congruence lattices are ‖·‖∗1-isospectral. Moreover, we point out
that these numbers also determine explicitly each individual p-spectrum of a lens
space L = Γ\S2m−1 for 0 ≤ p ≤ n = 2m − 1. Indeed, by Proposition 2.2, the
multiplicities in the p-spectrum of L depend only on the numbers dimV Γπk,p and
dimV Γπk,p+1 which, by expression (3.13), are determined by the NL(k, ℓ) which, in
turn, can be computed by using equation (4.1) if we know the numbers N redL (k, ℓ).
Remark 7.5. If the discrete subgroup Γ of SO(n + 1) acts possibly with fixed
points on Sn, then Γ\Sn is a good orbifold. For instance, in our case, if we
take L(q; s1, . . . , sm) as in (3.1) with s1, . . . , sm not necessarily coprime to q and
gcd(q, s1, . . . , sm) = 1, we obtain an orbifold lens space. See [Sh] for an extension
of Ikeda’s result to orbifold lens spaces.
Most of the results in this paper also work for orbifold lens spaces. For instance,
the determination of the p-spectrum in Theorem 3.8 via Proposition 2.2 and the
characterizations in Theorem 3.9 between lens spaces and congruence lattices. Fur-
thermore, Section 4 also works for congruence lattices L(q; s1, . . . , sm) without the
assumption that the sj are coprime to q. Proposition 7.2 is also valid in this context;
that is, strongly isospectral orbifold lens spaces are necessarily isometric.
We now show that the lens spaces constructed in Section 6 are homotopically
equivalent to each other. We note that they cannot be simply homotopically equiv-
alent (see [Co, §31]) since in this case they would be homeomorphic.
Lemma 7.6. The lens spaces L(r2t; 1, 1+rt, 1+3rt), L(r2t; 1, 1−rt, 1−3rt), r 6≡ 0
(mod 3), associated to the congruence lattices in Theorem 6.3 are homotopically
equivalent to each other.
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Proof. We have seen that L = L(q; θ0, θ1, θ3) and L′ = L(q; θ0, θ−1, θ−3), where
θ = 1 + rt. The condition for homotopy equivalence of L and L′ (see [Co, (29.6)])
is that ±θ8 ≡ d3 (mod r2t), for some d ∈ Z.
We claim that r divides φ(r2t). Indeed, we can write q =
∏
j p
2vpj (r)+vpj (t)
j a
product over primes pj . We have
φ(q) = r
∏
j
p
vpj (r)+vpj (t)−1
j (pj − 1).
Furthermore, this implies that if r is odd then 2r divides φ(r2t).
We first assume that rt is odd. Then H := Z×r2t is a cyclic group of order φ(r
2t).
Thus, if ω is a generator of this group, then ωφ(r
2t)/2r has order 2r. Hence, since
H is cyclic, θ = ω±h for some h = jφ(r2t)/2r with (j, 2r) = 1. Now, if 3 divides
φ(r2t), since (3, 2r) = 1, then θ =
(
ω
φ(r2t)j
2r3
)3
, as asserted. If 3 does not divide
φ(r2t), then the map x 7→ x3 is surjective, hence θ is again in the image. This
proves the assertion for rt odd.
In case rt is even, then Z×r2t is a cyclic group H times an abelian 2-group K.
Again the map x 7→ x3 in K is surjective. By a similar argument as before we show
that θ is in the image of x 7→ x3 in H . 
Remark 7.7. In [DR], P. Doyle and the third named author showed examples of
disconnected flat orbifolds in dimension two that are p-isospectral for every p but
are not strongly isospectral.
8. τ-isospectrality
In this section we give complementary spectral information, showing in a di-
rect way the non-strong isospectrality of the pairs in Theorem 7.1. To make the
computations easier, we consider in the sequel only the simplest pair
L = L(49; 1, 6, 15),
L′ = L(49; 1, 6, 20)
of non-isometric lens spaces p-isospectral for all p. This pair is associated with the
first row in Table 1 and it is isometric to the first pair in the family in Theorem 7.1
(see (5.2)). We denote by Γ and Γ′ the finite cyclic subgroups of the torus T ⊂
SO(6) of order q = 49 such that L = Γ\S5 and L′ = Γ′\S5.
We write G = SO(2m) and K = SO(2m−1) as in Section 2. Any representation
τ of K induces a strongly elliptic natural operator ∆τ,Γ on the smooth sections
of a natural bundle on a spherical space form Γ\S2m−1. By using representation
theory, we will exhibit many choices of representations τ of K such that L and L′
are not τ -isospectral.
Lemma 8.1. The lens spaces L = L(49; 1, 6, 15) and L′ = L(49; 1, 6, 20) are not
τ-isospectral for every irreducible representation τ of SO(5) with highest weight of
the form b1ε1 + b2ε2 where
(8.1) 4 ≥ b1 ≥ 3 ≥ b2 ≥ 0.
Proof. We choose Λ0 = 4ε1+3ε2 and we let πΛ0 be the irreducible representation of
G with highest weight Λ0. The Casimir element C acts on πΛ0 by λ0 = λ(C, πΛ0
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〈Λ0 + ρ,Λ0 + ρ〉 − 〈ρ, ρ〉 = (6
2 + 42) − (22 + 12) = 47. By (2.4), the multiplicity
dλ0(τ,Γ) of the eigenvalue λ0 of ∆τ,Γ is
(8.2) dλ0(τ,Γ) =
∑
π
dimV Γπ [τ : π],
where the sum is over the irreducible representations π of SO(6) such that λ(C, π) =
λ0 = 47. A similar expression is valid for dλ0(τ,Γ
′).
Now if π has highest weight Λ = a1ε1 + a2ε2 + a3ε3 (ai ∈ Z and a1 ≥ a2 ≥ |a3|)
and λ(C, π) = λ0, then we have (a1 + 2)
2 + (a2 + 1)
2 + a23 = 〈Λ + ρ,Λ + ρ〉 =
〈Λ0 + ρ,Λ0 + ρ〉 = 52. By taking congruence modulo 4, we see that the numbers
a1 + 2 > a2 + 1 > a3 are even. Hence
(
a1+2
2
)2
+
(
a2+1
2
)2
+
(
a3
2
)2
= 13. It is easy
to check that this implies that a1 = 4, a2 = 3 and a3 = 0, therefore Λ = Λ0 and
hence, there is only one irreducible representation π of G with λ(C, π) = 47, namely
π = πΛ0 .
On the other hand, by Lemma 3.4 we have that dimV Γπ0 =
∑
µ∈Lmπ0(µ), where
L is the associated congruence lattice given by (3.3) and similarly for L′. We
compute by using Sage [Sa] the weights of π0 (i.e. µ ∈ Z
m such that mπ0(µ) > 0)
and their respective multiplicities:
4ε1 + 3ε2 1 4ε1 + 2ε2 ± ε3 1 3ε1 + 3ε2 ± ε3 2
3ε1 + 2ε2 ± 2ε3 2 4ε1 + ε2 1 3ε1 + 2ε2 4
3ε1 + ε2 ± ε3 4 2ε1 + 2ε2 ± ε3 5 3ε1 4
2ε1 + ε2 9 ε1 + ε2 ± ε3 12 ε1 16
(only the dominant weights are shown, since weights in the same Weyl group orbit
have the same multiplicity).
A weight µ =
∑
i aiεi is in L (resp. L
′) if and only if
a1 + 6a2 + 15a3 ≡ 0 (mod 49) (resp. a1 + 6a2 + 20a3 ≡ 0 (mod 49)).
With computer aid one checks that the weights of πΛ0 that satisfy these con-
gruences (i.e lying in L (resp. L′) are ±(4ε1 + 3ε3), ±(−ε1 + 2ε2 − 4ε3) and
±(3ε1−3ε2+ε3) (resp.±(−3ε2−4ε3) and ±(−3ε1+2ε2+2ε3)). Taking into account
their multiplicities we obtain that dimV ΓπΛ0 = 2+2+4 = 8 and dimV
Γ′
πΛ0
= 2+4 = 6.
By applying the branching law from SO(6) to SO(5) (see for instance [GW,
Thm. 8.1.4]) , for every irreducible representation τ of SO(5) with highest weight
of the form b1ε1 + b2ε2 with 4 ≥ b1 ≥ 3 ≥ b2 ≥ 0 one has that [τ, πΛ0 |K ] = 1.
Thus, we obtain from (8.2) that
dλ0 (τ,Γ) = dimV
Γ
π0 [τ : π0] = 8, dλ0 (τ,Γ
′) = 6.
Thus, L and L′ cannot be τ -isospectral for any τ as in the statement. 
Remark 8.2. We note that the assertion in Lemma 8.1 followed by comparing
the multiplicities of λ = λ(C, π) for only one choice of π ∈ Ĝ satisfying dimV Γπ 6=
dimV Γ
′
π . By computer methods using Sage [Sa], we have checked that there are
many different choices of π that allow to find many other K-types τ such that the
lens spaces L and L′ are not τ -isospectral.
We believe that there are only finitely many irreducible representations τ of
SO(5) such that L and L′ are τ -isospectral.
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